We show that trapping of dispersive waves by solitons is significantly enhanced in tapered optical fibers as compared with nontapered fibers. For the trapping process to occur, the soliton must be decelerating; in nontapered fiber, the cause of soliton deceleration is Raman self-scattering to spectral regions of lower group velocity. It is shown here that deceleration of the soliton due to the changing group velocities in a tapered optical fiber also enables and enhances the trapping process, independently of Raman gain. This explains the enhanced blue spectral extension observed for supercontinuum generation in tapered optical fibers. This result also indicates that trapping of dispersive waves by solitons will also be possible in fibers or waveguides made from materials with negligible Raman self-scattering.
Recently there has been renewed interest in the process of dispersive wave trapping by solitons [1] . This process has been found to play an important role in the formation of the blueshifted component of a supercontinuum in both the pulse and cw pumped cases [2, 3] . It may also provide a route to novel tunable pulse sources across the visible spectrum, enhanced by external seeding. The trapping process depends on the existence of a high-intensity decelerating soliton. In nontapered fibers, this is provided by Raman selfscattering. In this Letter we show that the source of the deceleration can be different; in particular, we show that the changing group velocity found in a tapered optical fiber enables this process in the absence of any Raman gain [4] . This means that, in combination with Raman gain, the blue edge of a supercontinuum in a tapered optical fiber is significantly enhanced compared with nontapered fiber, as observed experimentally in [5] . It also means that fibers or waveguides made from materials with negligible Raman gain or a too-narrow Raman bandwidth for self-scattering can still utilize the trapping process if their group velocities are engineered as outlined below.
The trapping process in nontapered fiber works as follows. A high-intensity soliton causes a modulated refractive index across a dispersive wave, with the front of the soliton causing a redshift that leads to the dispersive wave moving forward in time relative to the soliton, while the tail causes a blueshift into regions of lower group velocity, and thus this component of the dispersive wave is decelerated. Simultaneously, the solitons are redshifting owing to Raman self-scattering, also into regions of lower group velocity, and therefore they are also retarded and fall back onto the dispersive radiation so the process can repeat. If this process can be maintained, through sufficient group-velocity matching, then the dispersive wave is trapped temporally and spectrally while being continuously blueshifted. This process has been described with analogies to inertial forces in accelerating reference frames (of the soliton) [6] and was originally discussed in [7] . However, an interesting question is: How does a tapered fiber affect the trapping process? Is this the key to the enhanced spectral extension of the supercontinua in tapered fiber (for example, the supercontinuum extending as short as 0.34 m from a 1.06 m pump source, as was demonstrated experimentally in [5] )?
To investigate these questions we have undertaken simulations of solitons copropagating with dispersive waves in tapered and nontapered fibers under various conditions. In our code, the complex field envelope E͑z , ͒ at angular frequency and axial fiber position z is calculated using the generalized nonlinear Schrödinger equation, modified to include the dispersion of the mode field profile [8] ,
In Eq. (1) ␤ is the mode propagation constant, ⍀ = − 0 is the frequency shift with respect to a chosen reference frequency 0 , n 2 = 2.7ϫ 10 −20 m 2 W −1 is the nonlinear refractive index, c the speed of light, and A eff is the effective mode area. The first term on the right-hand side of the response function R͑ 1 − ͒ = ͑1−f r ͒ + f r h r ͑ 1 − ͒ represents the Kerr effect, and the second term represents the Raman effect, where h r is the Raman response function in the frequency domain and the factor f r = 0.19 determines the Raman contribution to n 2 . The tapered profile was included by calculating the dispersion and effective mode area at 30 points along the full taper length, using a fully vectorial plane-wave method [9] ; then, during the numerical propagation code, the dispersion and mode field area, calculated including the effect of the air holes [10] , were linearly interpolated between these reference points at each step through the fiber. The numerical propagation was carried out using the Runge-Kutta in the interaction-picture method [11] .
To investigate the affect of a tapered fiber structure on this process we considered photonic crystal fiber (PCF) tapers similar to those used in the experiments reported in [5] . We considered fibers with a constant air-hole diameter to pitch ratio ͑d/⌳͒ of 0.9 and a pitch changing from 4.5 to 2.0 m linearly over a 1 m fiber length. For the nontapered fibers we took 1 m of fiber with the structure at the start of the taper. The dispersion and group-velocity curves for this taper at various distances through it are shown in Figs. 1(a)  and 1(b) , respectively. The zero-dispersion wavelength at the input is at 1.026 m, and this decreases as the pitch is reduced; in addition, the group velocities at long wavelengths, where waveguide dispersion dominates, are also reduced. This means that a soliton without any frequency shift will have a matched group velocity to shorter and shorter wavelength dispersive waves as it propagates through the fiber, as can be seen in Fig. 1(c) .
The input field to the simulations consisted of a 10 fs fundamental soliton at 1.3 m and an identically shaped pulse with 10% of the soliton peak power as a dispersive wave at 0.812 m, the groupvelocity matched wavelength. The propagation of this field through the 1 m taper or 1 m of the nontapered fiber is shown in Fig. 2 , both with and without Raman scattering included in the simulations but with all other parameters kept the same. Although 10 fs pulses appear to be relatively short, they are readily generated through modulation instability of the highpeak-power ͑ϳ10 kW͒ picosecond and nanosecond lasers used to pump supercontinua.
It is clear from Fig. 2 (a) that in nontapered fibers, Raman scattering is essential for the trapping process; without it there is no frequency shift of either the soliton or the dispersive wave. In Fig. 2(b) we see the effect of the trapping process as the dispersive wave is blueshifted slightly, to 0.65 m. This result is similar to those discussed in [1, 2, 6] . The real interest lies in Fig. 2(c) , where we see the clear blueshift of the dispersive wave in the taper, without the Raman effect included in the simulations. In fact, the blueshift, to 0.49 m, is twice as large as that in the nontapered fiber, including the Raman effect. Finally in Fig. 2(d) we see that the combined effect of the taper and Raman, as found in tapered silica fibers, provides the largest blueshift of the dispersive wave.
Inspection of Fig. 3(a) provides the explanation for these results, as it shows that a soliton at a fixed frequency will be decelerating as it moves through the taper, owing to the decreasing group velocity, enabling the trapping process completely independently of the Raman effect. Figure 3(b) shows that as this occurs, the wavelength of the group-velocity-matched dispersive wave is continuously reduced, and good agreement between this figure and the results in Fig.  2 is observed.
To confirm the trapping dynamics, it is worthwhile to study the spectrograms (or cross-correlation frequency-resolved optical gating traces) of the propagating field at a particular location along the fiber or taper. To that end, in Fig. 4 we plot spectrograms after 0.8 m of propagation for the corresponding conditions of Fig. 2 . In Fig. 4(a) we see that the dispersive wave has dispersively broadened to more than twice its initial duration (identical to the soliton), whereas in the other subfigures we see the clear spectrogram signature of a trapped dispersive wave, slightly tailing the soliton. In Fig. 4(d) we note that the dispersive tail of the soliton component is due to the soliton shedding some energy, as the taper is not adiabatic for these soliton parameters.
The trapping of dispersive waves in tapered optical fibers or waveguides, independently of Raman gain, is important for a number of systems. First, it does indeed explain the enhanced blueshifts observed in tapered PCF supercontinuum generation, as noted experimentally in [5] , and carefully tailoring of the waveguide dispersion and long wavelength loss, in extension to the work in [2] , should enable further ultraviolet extension of picosecond, 1.06 m pumped supercontinua. Second, the dependence of the trapping process on the group-velocity-matching curves allows for the tailoring of the blue edge of the supercontinuum in a number of ways, e.g., by breaking the matching when a particular blueshift is reached (by, for example, engineering a second zero-dispersion wavelength) and thus leading to a buildup of spectral power at one location. Evidence of this was also noted in [4, 5] . Third, the recent observation of visible supercontinuum generation from cw pumping of PCF, and the identification of the trapping process as the main mechanism [3] , leads directly to the idea of using tapers to optimize visible cw supercontinua [12] . Fourth, materials that have negligible Raman gain, or a Raman gain bandwidth too narrow for significant Raman self-scattering, can still utilize the trapping process if the structure is tapered suitably for decreasing group velocity at long wavelengths, e.g., processes in gases in hollow core fibers, or in nonsilica waveguides. Finally, because Raman selfscattering depends on the soliton having sufficient spectral bandwidth, the trapping process in nontapered fibers is limited to only very short solitons. In tapered fibers a much wider range of pulse parameters can be used, as there is no such requirement on the soliton bandwidth, Therefore the utilization of tapers to enable the soliton trapping of dispersive waves will be particularly significant for low-peakpower pumps, including cw-pumped supercontinuum generation.
